We revisit the approach proposed by Mukamel and coworkers to describe interacting excitons through infinite series of composite-boson operators for both, the system Hamiltonian and the exciton commutator -which, in this approach, is properly kept different from its elementary boson value. Instead of free electron-hole operators, as used by Mukamel's group, we here work with composite-exciton operators which are physically relevant operators for excited semiconductors. This allows us to get all terms of these infinite series explicitly, the first terms of each series agreeing with the ones obtained by Mukamel's group when written with electronhole pairs. All these terms nicely read in terms of Pauli and interaction scatterings of the composite-exciton many-body theory we have recently proposed. However, even if knowledge of these infinite series now allows to tackle N -body problems, not just 2-body problems like third order nonlinear susceptibility χ (3) , the necessary handling of these two infinite series makes this approach far more complicated than the one we have developed and which barely relies on just four commutators.
atom states with N ≥ 2, the procedure turning quite complicated very fast. This is why, although not advocated by Girardeau, we can be tempted by using his procedure as a bosonization procedure, i.e., by only keeping ideal-atom operators in transformed states and transformed Hamiltonian. We have however shown [9] that, with such a reduction, the obtained results for a few relevant physical quantities are at odd from the correct ones, even for the sign. The idea to add to fermionic operators for electrons and protons, a set of bosonic operators for atomic bound states, is in fact rather awkward because fermionic operators form a complete set in themselves; so that Girardeau artificially introduces an overcomplete set of operators in a problem already complex, this overcompleteness being obviously difficult to handle properly. Precise comparison of Girardeau's procedure with the composite-boson many-body theory we have constructed, can be found in reference [9] .
Another approach, still currently used [10] [11] [12] , has been proposed by Mukamel and coworkers in the 90's. It is based on the fully correct idea that the system Hamiltonian, when acting on fermion pairs, can be replaced by an infinite series of pair operators. In this approach, the fact that pairs of fermions differ from elementary bosons is kept exactly through commutators of pair operators which are also written as infinite series. The pair-operators used by Mukamel and coworkers are products of free fermion operators.
However, as these are not physically relevant pair operators for problems dealing with excitons, their calculations turn out very complicated. This is probably why they have only derived the first term of the Hamiltonian and pair-commutator series. This thus makes their results of possible use for problems restricted to two excitons only. And indeed, using them, they have successfully calculated [12] the third order susceptibility χ (3) which results from interactions of two unabsorbed photons through their coupling to two virtual excitons.
In this paper, we follow Mukamel and coworkers' idea, but with exciton operators B in an exact way. As expected, prefactors in these infinite series read in terms of the two key parameters of the composite-boson many-body physics, namely Pauli scatterings for fermion exchanges in the absence of fermion interaction, and interaction scatterings for fermion interactions in the absence of fermion exchange.
However, even with these two infinite series at hand explicitly, so that problems dealing with many-body effects between N excitons could now be tackled, this approach turns out to be definitely far more complicated than the composite-boson many-body theory we have recently constructed [13, 14] . Indeed, in this new theory, calculations dealing with many-body effects between any number N of excitons simply reduce to performing a set of commutations between exciton operators, according to two commutators for fermion exchanges (see Eq.(5) in ref. [15] or Eq. (14) in ref. [13] ), namely, 5) and two commutators for fermion interactions (see Eq.(5) in ref. [16 ] or Eq.(13) in ref. [13] ), namely,
In these equations, D mi is the exciton "deviation-from-boson operator" defined through Eq.(1.4) taken for N = 1, namely, 8) while Pauli scattering λ n j m i of two "in" excitons (i, j) towards two "out" excitons (m, n) follows from Eq.(1.5) taken for N = 1 (also see Eq.(4) in ref. [17] ), namely,
(1.9)
Let us note that Eq.(1.8) which basically says that particles are not elementary but composite bosons, was known for quite a long time [1, 18] . Equation (1.10) is more recent.
It was introduced by one of us in her theory of exciton optical Stark effect [19, 20] . On the contrary, Eqs.(1.9) and (1.11) which allow to reach the two elementary scatterings of two excitons, namely, λ n j m i and ξ n j m i , are fundamentally new. They are the keys of our composite-boson many-body theory [17] .
In this paper, we are going to use these four commutators to write the system Hamiltonian H and the deviation-from-boson operator D mi as infinite series of exciton operators
i . This will allow us to generate physically relevant prefactors for these series. They are found to read in terms of exciton energies E i , interaction scattering of two excitons ξ n j m i , and the following sum of Pauli scatterings,
(1.12)
Λ mi (n, j), shown in Fig.1 , corresponds to processes in which excitons (i, j) exchange either a hole or an electron, excitons (m, i) having same electron in λ e ≡ λ, while they have same hole in λ h : Due to electron-hole symmetry, it is quite reasonable to find these two processes on the same footing, in the Λ mi (n, j) factor. 
where the most general form for D (n) mi acting in the subspace made of states having p ≥ n pairs, can be taken as
We get this series by enforcing it to be such that, when acting on any N -exciton state
|v , it gives the same result as the original operator
for any N -pair state |ψ N . We are going to derive the various operators D (n) mi by iteration, starting from n = 1, as we now show.
Before going further, it is of importance to note that, due to carrier exchanges between two excitons, we do have (see Eq. (5) in ref. [17] )
This equation, which comes from the two ways to construct two excitons out of two electron-hole pairs, shows that N -exciton states |ψ N for N ≥ 2, as well as operators like
mi for n ≥ 2 can be written in many different ways, these various forms being related through the replacement of any mi , the one which has a physically relevant meaning, is most probably the simplest one. We will come back to this fundamental indetermination, linked to exciton composite nature, at the end of this section.
Derivation of D (1) mi
Let us first consider a one-exciton state |ψ 1 . By inserting closure relation for one-exciton subspace , i.e., Eq.(1.2) taken for N = 1, in front of this state, we find
]|v since D mi |v = 0 which follows from Eq.(1.8) acting on vacuum, we get from Eqs.(1.9,12)
where Λ mi (n, j) is the combination of Pauli scatterings introduced in Eq.(1.12).
We then note that projector |v v| can be removed from this equation since state B r 1 |ψ 1 has zero pair while identity operator reduces to |v v| for such a state. Consequently, Eq.(2.6) also reads
Since this equation is valid for any state |ψ 1 , we readily find that operator D
mi such that
mi |ψ 1 can be taken as 
Derivation of D (2) mi
We now consider two-exciton state |ψ 2 . By inserting closure relation, Eq.(1.2), for twoexciton subspace, in front of |ψ 2 , we get
To go further, we note that, due to Eqs.(1.9) and (1.12),
We then insert this result into Eq.(2.9) and relabel bold indices. By noting that projector |v v| can again be removed from this equation since B r 2 B r 1 |ψ 2 also has zero pair, we end with
If we now turn to D
mi acting on |ψ 2 , we note that B r 1 |ψ 2 has one pair so that, if we insert closure relation for one-pair subspace in front of this state, we find
We can again remove projector |v v| from this equation since B r 2 B r 1 |ψ 2 has zero pair.
This readily shows that operator D
mi |ψ 2 can be taken as
To better grasp how D (n) mi can be constructed by iteration, let us calculate one more D (n) mi explicitly. We consider three-pair state |ψ 3 and inject in front of it, closure relation for three-pair subspace. This leads to
To go further, we do like for Eq. 
We then inject this result into Eq.(2.14), relabel bold indices and remove projector |v v|.
This leads to
We now turn to D (1) mi |ψ 3 . Since B r 1 |ψ 3 has two pairs, we get, by using closure relation for two-pair subspace,
We do the same for D (2) mi |ψ 3 in which B r 1 B r 2 |ψ 3 has one pair. By collecting all terms, we see that operator D
mi |ψ 3 can be taken as
The above results lead us to think that operator D (n) mi can be written as
where γ n is a numerical prefactor which, in spite of its values for n = (1, 2, 3), does not reduce to (−1) n−1 /n.
To determine γ n , we look for the recursion relation it obeys. To get this recursion relation, we follow the procedure we have used for n ≤ 3, namely, we insert closure relation for N -pair subspace in front of state |ψ N . This leads to
We then calculate D mi B † r 1
. . . B † r N |v using commutator (1.9); we relabel bold indices and remove projector |v v|. This gives
We then turn to D (n) mi acting on |ψ N for n < N . Since state B r 1 . . . B rn |ψ N has (N − n) pairs, closure relation for this subspace leads to is indeed valid provided that γ n 's are linked by
with γ 1 = 1. From this equation, it is easy to show that the first γ n 's are
and so on. . . , with γ N going to zero with increasing N .
Other forms of D (n) mi
As said at the beginning of this section, composite-boson operators B † i form an overcomplete set to describe electron-hole pairs. This is why any given operator acting in N -pair subspace with N ≥ 2, when written in terms of these B † i 's, can appear through different expressions. Indeed, due to Eq.(2.4), it is possible to rewrite B † r 1 corresponds to carrier exchanges between excitons (i, r 1 , r 2 ) leading to (m, r 1 , r 2 ), with excitons m and i also having either same electron or same hole (see Fig.2(b) ). 
. .
where the prefactor corresponds to carrier exchanges between (n+1) excitons (i, r 1 , . . . , r n ) leading to (m, r 1 , . . . , r n ) in which excitons m and i either have same electron or same hole (see Fig.2(c) ).
Let us now turn to the system Hamiltonian originally written in terms of fermionic operators for free electrons and free holes. It contains kinetic electron and hole contributions. It also contains Coulomb interaction between electrons, between holes and between electrons and holes. It is actually quite easy to write the electron-hole part of this Hamiltonian in terms of excitons. Indeed, by using the link between exciton operators and free-electron and free-hole operators, namely,
where k h , k e |i is i exciton wave function in momentum space, we readily find electronhole Coulomb interaction as 
4)
so that H (n) acts on states having p ≥ n pairs. This series is determined by enforcing 
4).
To get the various terms of H (n) expansion, we are again going to extensively use closure relation (1.2) for N -pair states. This will allow us to get one of these possible forms of H quite easily.
Derivation of H (1)
To 
Derivation of H (2)
We now turn to two-pair subspace. By inserting closure relation for two-pair states in front of |ψ 2 , we find
We then use Eqs.(1.10,11) to find 
where 
Derivation of H (n)
The above results lead us to think that operator H (n) can be written as with α n = −2β n = γ n for n > 1, with γ n being the prefactor appearing in D mi series (see Eq.(2.23)), while (α 1 = 1, β 1 = 0) for n = 1.
In order to show this nicely simple result, we are going to determine the recursion relations which exist between α n 's and between β n 's. For that, we follow the procedure we have previously used, namely, we first insert closure relation for the N -pair states in front of |ψ N . This leads to
We then calculate H acting on N excitons through Eq.(1.10). This leads to
By using Eq.(1.11), we find
We iterate the procedure to end with
the total number of these ξ terms being the number of ways C 2 N we can choose among N , the two excitons having direct Coulomb process.
If we now relabel bold indices and remove projector |v v|, we end with
We now turn to H (n) acting on |ψ N and assume that its general form is indeed given by Eq. (3.19) . Since state B rn . . . B r 1 |ψ N has (N − n) pairs, we get, by injecting closure relation for (N − n)-pair subspace,
We then remove projector |v v| as usual. By collecting all these results, we find that operator H (n) defined through Eq.(3.6) has the form (3.19) provided that α n 's and β n 's are linked by
with α 1 = 1 and β 1 = 0, due to Eq.(3.9), while β 2 = 1/4, due to Eq.(3.14). By comparing Eqs.(2.23) and (3.26), we readily see that α N = γ N . In order to determine β N , we first note that the recursion relation for α N also reads
(3.28)
Since C 2 N = N (N − 1)/2, this equation is nothing but the recursion relation for β N provided that we replace α N by (−2β N ) for any N ≥ 2. Consequently, we end with
while α 1 = γ 1 = 1 and β 1 = 0, in agreement with our original guess.
Discussion

Summary of the results
The above results lead us to write deviation-from-boson operator D mi of two composite excitons defined as
through an infinite series of exciton-operator products, according to γ n 's are numerical prefactors which obey the recursion relation
with γ 1 = 1; so that γ 2 = −1/2, γ 3 = 1/3, and so on. . . , with γ N going to zero for increasing N .
In the same way, the system Hamiltonian, when acting on electron-hole-pair states, can be written as an infinite series of exciton-operator products, according to 
Comparison with Mukamel and coworkers' results
In their works, Mukamel and coworkers use free-pair operatorsB †
, where c † m 1
creates electron on site m 1 while d † m 2
creates hole on site m 2 . The fact that they use sites while we here use momenta (see Eq.(3.2)) is basically unimportant. They however keep the possibility for electrons and holes of these free pairs to differ from free Hamiltonian eigenstates. This is why they have nondiagonal contributions in the one-body part of their Hamiltonian, splits as 11) in agreement with the result obtained by Mukamel and coworkers for the first term of H expansion.
We now turn to H (2) . In view of Eq.(3.14), H (2) splits as
ξ , where H between the two excitons (r 1 , r 2 ), it contains Coulomb scattering resulting from electron-electron and hole-hole interactions as well as from electron-hole interaction between excitons r 1 and r 2 (see Fig.3(a) ). Since electron-hole interaction already appears in the first-order term H (1) The sum over r's is readily obtained from diagrams of Fig.3(b) in terms of interactions
between holes and W between electrons and holes. It reduces to 
Conclusion
In this paper, we revisit the procedure proposed by Mukamel and coworkers to approach interactions between excitons while keeping their composite nature exactly, through infinite series of composite-boson operators for both, the system Hamiltonian and the deviation-from-boson operator of these composite bosons. While Mukamel and coworkers use free-electron-hole-pair operators, we here use exciton operators which are physically relevant operators for problems dealing with excitons. This allows us to write all terms of these two infinite series explicitly. They read in terms of exciton energies as well as Pauli and interaction scatterings that appear in the composite-boson many-body theory we have recently constructed. We show that the first-order terms found by Mukamel and coworkers agree with our results. However, the necessary handling of these two infinite series for calculations dealing with N excitons makes this approach far more complicated than the ones based on the many-body theory for composite bosons we have proposed and which only relies on four nicely simple commutators. Eq.(4.23). In this scattering, the Coulomb interactions are between the "out" excitons.
